A subset S of V (G), where G is a graph without isolated vertices, is a double dominating set of G if for each
Introduction
Let G = (V (G), E(G)) be a graph. For any vertex x ∈ V (G), the open neighborhood of x is the set N G (x) = {y ∈ V (G) : xy ∈ E(G)} and the closed neighborhood of x in G is the set N G [x] = N G (x) ∪ {x}. If X ⊆ V (G), the open neighborhood of X in G is the set N G (X) = x∈X N G (x). The closed neighborhood of X in G is the set N G [X] = N G (X) ∪ X.
A subset S of V (G) is a dominating set in G if N G [S] = S ∪ N G (S) = V (G) where N G (S) = {v ∈ V (G) : xv ∈ E(G) for some x ∈ S}. Equivalently, a subset S of V (G) is a dominating set in G if for every v ∈ V (G) \ S, there exists x ∈ S such that xv ∈ E(G). Furthermore, the minimum cardinality of a dominating set in G, denoted by γ(G), is the domination number of G.
Let G = (V (G), E(G)) be a graph with no isolated vertices. A subset S of V (G) is a total dominating set in G if N G (S) = V (G). That is, every vertex in V (G) is adjacent to some vertex in S. The minimum cardinality of a total dominating set of G, denoted by γ t (G), is the total domination number of G. Moreover, a subset S of V (G) is a double dominating set of G if for each
The double domination number of G, denoted by γ dd (G), is the minimum cardinality of a double dominating set of G. A double dominating set of G with cardinality γ dd (G) is called a γ dd -set.
Double dominating set and double domination number were first defined and introduced by F. Harary and T. W. Haynes in [3] as cited in [4] . They also established the Nordhaus-Gaddum inequalities for double domination. Blidia, Chellali and Haynes [2] characterized the trees having equal paired and double domination number. Atapour, Khodkar and Sheikholeslami [1] established upper bounds on the double domination subdivision number for arbitrary graphs in terms of vertex degree. Khelifi et al. [5] studied the concept in relation to γ dd -critical graphs. Khelifi and Chellali [6] further studied the effects of removal of any vertex on the double domination number of graph. They also investigated various properties of a γ dd -vertex critical graphs.
Some Preliminary Results
The first two theorems are according to F. Harary and T. W. Haynes [4] . Theorem 2.1 For any graph G without isolated vertices of order n ≥ 2, 2 ≤ γ dd (G) ≤ n. Theorem 2.2 Let G be a graph of order n ≥ 2 and suppose G has no isolated vertices. Then γ dd (G) = 2 if and only G has two full nodes (degree n − 1). Theorem 2.3 Let G be a graph of order n ≥ 2 and suppose G has no isolated vertices. Then γ dd (G) = n if and only if for each v ∈ V (G), v is either a leaf or a support vertex.
Proof : Suppose γ dd (G) = n. Suppose there exists v ∈ V (G) that is neither a leaf nor a support. Then |N G (v)| ≥ 2 and |N G (x)| ≥ 2 for every x ∈ N G (v). Since G has no isolated vertices, it follows that S = V (G) \ {v} is a double dominating set of G. Hence, γ dd (G) ≤ |S| = n − 1, contrary to our assumption. Therefore every vertex v of G is either a leaf or a support.
The converse is clear.
Theorem 2.4 Let G be a graph without isolated vertices. Then
Proof : Let S be a γ dd -set of G. If S = V (G), then S is not a γ-set of G (since γ(G) ≤ n − 1). Hence γ dd (G) ≥ γ(G) + 1. So suppose V (G) \ S = φ. Let x ∈ V (G) \ S. Then there exists y, z ∈ S (y = z) such that xy, xz ∈ E(G). Let S * = S \ {y} and let w ∈ V (G) \ S * . If w = y, then w ∈ S. Since S is a total dominating set, there exists q ∈ S such that wq ∈ E(G). Hence q ∈ S * such that wq ∈ E(G). Suppose w = y. Then w ∈ V (G) \ S. Hence there exists a, b ∈ S (a or b may be y) (a = b) such that aw, bw ∈ E(G).
Thus, S
* is a dominating set of G. Therefore, γ(G) ≤ |S * | = |S| − 1, that is, γ dd (G) ≥ γ(G) + 1.
Join of Graphs
The join of two graphs G and H, denoted by G + H, is the graph with vertex-set V (G + H) = V (G) ∪ V (H) and edge-set E(G + H) = E(G) ∪ E(H) ∪ {uv : u ∈ V (G), v ∈ V (H)}.
Theorem 3.1 Let G and H be any non-trivial graphs. Then a subset S of V (G + H) is a double dominating set if and only if one of the following holds:
(i) S ⊆ V (G) and S is a double dominating set in G.
(ii) S ⊆ V (H) and S is a double dominating set in H. Proof : Let S ⊆ V (G + H) be a double dominating set of G + H. Consider the following cases: Case 1: S ∩ V (G) = φ or S ∩ V (H) = φ Suppose S ∩ V (G) = φ. Then S ⊆ V (H). Since S is a double dominating set of G + H, it follows that S is a double dominating set of H. Similarly if S ∩ V (H) = φ. Then S ⊆ V (G). Thus S is a double dominating set of G. Let x ∈ V (G) \ S G . Since S is a double dominating set and |S H | = 1, there exists y ∈ S G such that xy ∈ E(G). Thus S G is a dominating set of G. Similarly, S H is a dominating set of H. Subcase 2: |S G | = 1 and |S H | ≥ 2 or |S H | = 1 and |S G | ≥ 2
Assume that |S G | = 1 and |S H | ≥ 2 . Let a ∈ V (H) \ S H . Since |S G | = 1 and S is a double dominating set of G + H, there exists b ∈ S H such that ab ∈ E(H). This implies that S H is a dominating set of H. Similarly, if
The converse is easy.
The next result is an immediate consequence of Theorem 3.1.
Corollary 3.2 Let G and H be any non-trivial graphs. Then
Theorem 3.3 Let G and H be any non-trivial graphs. Then γ dd (G + H) = 2 if and only if one of the following holds:
Proof : Suppose γ dd (G + H) = 2. Let S ⊆ V (G + H) be a minimum double dominating set of G + H. By Theorem 3.1, S is a double dominating set of G or S is a doube dominating set of H or |S ∩ V (G)| = 1 and |S ∩ V (H)| = 1, where S ∩ V (G) and S ∩ V (H) are dominating sets of G and H, respectively. Hence, γ dd (G) = 2 or γ dd (H) = 2 or γ(G) = 1 and γ(H) = 1. For the converse, suppose γ dd (G) = 2. Let S * be a γ dd -set of G. By Theorem 3.1, S * is γ dd -set of G + H. Thus γ dd (G + H) = |S| = 2. Similarly, if γ dd (H) = 2, then γ dd (G + H) = 2. Moreover if γ(G) = 1 and γ(H) = 1, then by Theorem 3.1, it follows that γ dd (G + H) = 2.
Theorem 3.4 Let G and H be any non-trivial graphs such that γ dd (G + H) = 2. Then γ dd (G + H) = 3 if and only if one of the following holds:
Then by Theorem 3.1, S is a double dominating set of G or S is a double dominating set of H or |S ∩ V (G)| = 1 and S ∩ V (H) is a dominating set of H, or |S ∩ V (H)| = 1 and S ∩ V (G) is a dominating set in G. Since
For the converse, Suppose (i) holds. Let S be γ dd -set of G. Then by Theorem 3.1, S is a double dominating set of G + H.
Hence,
Next, suppose that (iii) holds, i.e., γ(H) = 2. Let S 1 be γ-set of H. Pick any v ∈ V (H) and let S 2 = S 1 ∪ {v}. Then by Theorem 3.1(iv), S 2 is a double dominating set of G + H. Hence, γ dd (G + H) ≤ |S| = 3. Again, since γ dd (G + H) = 2, it follows that γ dd (G + H) = 3. A similar argument is used to show that the γ dd (G + H) = 3 if (iv) holds. Theorem 3.5 Let G be any graph and let
is a double dominating set of K 1 + G if and only if either:
Proof : Let S be a double dominating set of K 1 + G and put
Consider the following cases:
Since S is a double dominating set, there exists y ∈ S G such that xy ∈ E(G). Hence S G is a dominating set of G.
The next result follows from Theorem 2.4 and Theorem 3.5.
Corollary 3.6 Let G be a non-complete graph. Then,
Corona of Graphs
Let G and H be graphs of order n and m, respectively. The corona G • H of G and H is the graph obtained by taking one copy of G and n copies of H, and then joining the ith vertex of G to every vertex of the ith copy of H. For every v ∈ V (G), denote by H v the copy of H whose vertices are attached one by one to the vertex v. Denote by v + H v the subgraph of the corona G • H corresponding to the join {v} + H v .
Theorem 4.1 Let G and H be any graphs without isolated vertices of orders n and m respectively. Then
For the converse, suppose S = S 1 ∪ S 2 ∪ S 3 , where S 1 , S 2 andS 3 satisfy the given properties. Let x ∈ V (G • H). Consider the following cases:
Corollary 4.2 Let G and H be any graphs without isolated vertices of orders n and m respectively. Then,
Next, let S be a γ dd -set of G • H. By Theorem 4.1, S = S 1 ∪ S 2 ∪ S 3 , where S 1 , S 2 , S 3 satisfy the conditions in the theorem. Hence, by Theorem 2.4, Observe that a subset
Lexicographic Product of Graphs
,where S ⊆ V (G) and T x ⊆ V (H) for every x ∈ S. Henceforth, we shall use this form to denote any subset a) ). This implies that |T w | ≥ 2. Finally, let x ∈ S \ N (S) and let c ∈ V (H) \ T x . Since C is a double dominating set, there exists a, b ∈ T x (a = b) such that (x, a), (x, b) ∈ N G ((x, c)). This implies that a, b ∈ N G (c). Moreover, since C is a total dominating set of G [H], T x is a total dominating set of H. Thus, T x is a double dominating set of H.
For the converse, suppose S is a dominating set of G satisfying (a), (b), and (c). Let (x, a) ∈ V (G [H]). Consider the following cases: a) ). If T x is not a dominating set, then |T w | ≥ 2 by (c). This implies that there exists q ∈ T w \ {p}. Therefore, (w, p), a) ). Accordingly, C is a double dominating set of G.
Corollary 5.2 Let G and H be a connected non-trivial graphs of orders n ≥ 2 and m ≥ 2, respectively. Then,
Proof : Let S 1 and S 2 be γ-and γ t -sets of G and let D 1 be a γ dd -set of H and In (a), γ dd (P 4 [P 5 ]) = 2γ t (P 4 ) = 2(2) = 4 < γ(P 4 )γ dd (P 5 ) = 2(4) = 8, while, in (b), γ dd (S 4 [P 3 ]) = γ(S 4 )γ dd (P 3 ) = 1(3) = 3 < 2γ t (S 4 ) = 2(2) = 4. These graphs in Figure 1 show that the bounds given in Corollary 5.2 are sharp.
